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ABSTRACT
In this paper we first investigate the Ansatz of one of the present authors for K(Ψ, Ψ¯),
the adimensional modular invariant non–holomorphic correction to the Wilsonian ef-
fective Lagrangian of an N = 2 globally supersymmetric gauge theory. The renormali-
sation group β–function of the theory crucially allows us to express K(Ψ, Ψ¯) in a form
that easily generalises to the case in which the theory is coupled to NF hypermultiplets
in the fundamental representation of the gauge group. This function satisfies an equa-
tion which should be viewed as a fully non–perturbative “non–chiral superconformal
Ward identity”. We also determine its renormalisation group equation. Furthermore,
as a first step towards checking the validity of this Ansatz, we compute the contribution
to K(Ψ, Ψ¯) from instantons of winding number k = 1 and k = 2. As a by–product of
our analysis we check a non–renormalisation theorem for NF = 4.
1 Introduction
In a celebrated paper, Seiberg and Witten studied a globally N = 2 supersymmetric
Yang–Mills theory (SYM) with SU(2) gauge group [1]. Subsequently they extended
their analysis to theories with additional hypermultiplets (SQCD)[2]. They were able
to exactly determine the Wilsonian effective action up to two derivatives and four
fermions In terms of an N = 2 chiral superfield Ψ, it is proportional to a holomorphic
function F(Ψ) called the prepotential. From a physical point of view, the Wilsonian
effective action describes the low–energy degrees of freedom of the N = 2 microscopic
supersymmetric theory. This achievement was possible thanks to a certain number of
conjectures which were suggested by the physics of the problem. It was later shown in
[3] that, in the case of N = 2 SYM, these assumptions follow from the symmetries of
the theory and from the inversion formula first derived in [4] (subsequently generalised
to SQCD in [5]), and are consistent with microscopic instanton computations in the
cases of SYM and SQCD [6, 7, 8, 9, 10, 11, 12].
Since the moduli space of vacua of the theory is a thrice–punctured Riemann sphere,
one can study the transformation properties of F(Ψ) under the modular group Γ(2).
The result of such an exercise is the inversion formula in [4], which relates F(Ψ) and
its first derivative to a modular invariant function. The entire physical content of the
theory can now be extracted from this differential equation [3, 4, 10, 12], which was
also derived as an anomalous superconformal Ward identity in [13].
As it is well–known, a Wilsonian effective Lagrangian can be expanded in powers
of the external momentum over some subtraction scale. Much in the same vein of the
previous analysis, the investigation of the modular properties of the complete Wilsonian
action leads to the conclusion that the term with four–derivatives/8–fermions, which
we will denote by K(Ψ, Ψ¯), is a modular invariant [14]. However, it seems that also
the higher–order terms are modular invariant. Let us denote the non–holomorphic
part of the Wilsonian effective action by Sˆ[Ψ, Ψ¯]; furthermore, let S, T be the SL(2,Z)
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generators with S2 = 1 and (ST )3 = 1. In [14], it was shown that Sˆ[Ψ, Ψ¯] does not
transform under the action of T while, under duality, F(Ψ)→ FD(ΨD) = F(Ψ)+ΨDΨ.
Now if the action of T on Sˆ[Ψ, Ψ¯] is trivial and the group has only two generators, the
action of S must be trivial too, since
Sˆ[Ψ, Ψ¯] = (ST )3 ◦ Sˆ[Ψ, Ψ¯] = S3 ◦ Sˆ[Ψ, Ψ¯] = S ◦ Sˆ[Ψ, Ψ¯] . (1.1)
However, we observe that the above modular invariance is considered with respect to
the S and T action defined in [14] whereas, strictly speaking, a function G(Ψ, Ψ¯) is
said to be modular invariant if G(γ(Ψ), γ(Ψ¯)) = G(Ψ, Ψ¯), γ ∈ SL(2,Z).
Let us now leave this argument on the side and let us remark that the perturbative
1–loop term and the contribution of instantons of winding number k = 1 to K(Ψ, Ψ¯)
were computed in [15, 16]. On the basis of these results, and by using uniformisation
theory, one of the present authors was able to write a modular invariant function which
satisfies the constraints imposed by perturbative and instanton calculations and which
has no other singularities but the one at weak coupling [17]. This function satisfies
the physical requirements of the theory, for example it vanishes at those points of
the moduli space where monopoles or dyons become massless: we consider it to be a
candidate for the expression of K(Ψ, Ψ¯). Its actual form will be reviewed in section
3 of this work, where we also write it in terms of the β–function of the theory, and
find the renormalisation group equation satisfied by K. This function also an equation
which should be viewed as a fully non–perturbative “non–chiral superconformal Ward
identity”. In that same section we also extend the Ansatz to the case of SQCD with NF
hypermultiplets. Furthermore, we study the higher–derivative corrections to the SYM
and SQCD effective Lagrangians, and in particular the contributions of instantons of
winding number k = 1, 2 to the real adimensional function K(Ψ, Ψ¯). This is a first
step in the direction of checking the proposal in [17] and that of section 3. As we will
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discuss in section 4, the situation is more involved than in the case of the holomorphic
part of the effective Lagrangian, and we cannot provide here a check for the expression
of K(Ψ, Ψ¯). We plan to come back on this point in a future publication.
The plan of the paper is the following: in section 2 we briefly review the solution
of [1] to fix the notations and compute the relationship between the Pauli–Villars
renormalisation group invariant scale and that appearing in [1]. We do this in great
detail because we will need it in the following and because the literature is plagued
with inconsistent notations. The content of section 3 has been discussed above. We
start section 4 by computing the k = 1 contribution to K(Ψ, Ψ¯). It turns out to be
in agreement with the result of [16], which was derived by different methods. In the
second part of the same section we compute the k = 2 contribution, for N = 2 SYM
and SQCD. Furthermore, we check a recent result concerning a non–renormalisation
theorem in the case of four flavours [18]. While we were writing this paper a work by
Dorey et al. [19] has appeared in which computations partly similar to ours, in the
case of winding number k = 1, are carried out and the non–renormalisation theorem
for NF = 4 is checked by using scaling arguments. Our results agree with theirs.
2 A Review of the Seiberg–Witten Model
The Lagrangian density for the microscopic N = 2 SYM theory, in the N = 2 super-
symmetric formalism is given by
L =
1
16π
Im
∫
d2θd2θ˜ F(Ψ) . (2.1)
Ψ transforms in the adjoint representation of the gauge group G (which will be SU(2)
from now on). Re–expressing the Lagrangian density in the N = 1 formalism, we have
L =
1
16π
Im
[∫
d2θd2θ¯K(Φ, Φ¯, V ) +
∫
d2θfab(Φ)W
aW b
]
, (2.2)
3
where a, b are indices of the adjoint representation of G. The Ka¨hler potential
K(Φ, Φ¯, V ) and the holomorphic function fab(Φ) are given, in terms of F , by
K(Φ, Φ¯, V ) = (Φ¯e−2V )a
∂F
∂Φa
, (2.3)
fab(Φ) =
∂2F
∂Φa∂Φb
. (2.4)
The classical action for the N = 2 SYM theory is obtained by choosing for F the
functional form
Fcl(Ψ) = τcl
2
(ΨaΨa) , (2.5)
where we conventionally define τcl as
τcl =
θ
2π
+
4πi
g2
. (2.6)
Our normalisations are the same as in [1]. After eliminating the auxiliary fields, the
classical action of the theory is given by
S = SG + SH + SF + SY + Spot . (2.7)
SG is the usual gauge field action, the kinetic terms for the Fermi and Bose fields
minimally coupled to the gauge field Aµ are
SF[λ, λ¯, A] =
∫
d4x λ¯A˙a
[
/D(A)λA˙
]a
, (2.8)
where λA˙ are the two gauginos, A˙ = 1, 2, and
SH[φ, φ
†, A] =
∫
d4x (Dφ)†a(Dφ)a . (2.9)
The Yukawa interactions are given by
SY[φ, φ
†, λ, λ¯] =
√
2gǫabc
∫
d4x φa†(λb1˙λ
c
2˙) + h.c. (2.10)
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and finally Spot =
∫
d4x V (φ, φ†) comes from the potential term
V (φ, φ†) = Tr[φ, φ†]2 , (2.11)
for the complex scalar field. As required by supersymmetry, one has V (φ, φ†) ≥ 0.
The condition V (φ, φ†) = 0 implies that [φ, φ†] = 0: φ is then a normal operator, and
can be diagonalised by a unitary matrix: that is, a colour rotation. The most general
(supersymmetric) classical vacuum configuration is then
φ0 = a
(
Ω
σ3
2
Ω†
)
, a ∈ C , Ω ∈ SU(2) . (2.12)
When a 6= 0 the SU(2) gauge symmetry is spontaneously broken to U(1). The classical
vacuum “degeneracy” for the N = 2 SYM theory is lifted neither by perturbative nor
by non–perturbative quantum corrections [25, 26]. In fact any non–zero superpotential
would explicitly break the extended supersymmetry of the model; however the Witten
index of the theory is non–zero [27], so supersymmetry stays unbroken. We then
have a full quantum moduli space, MSU(2), for the low–energy theory. The effective
Lagrangian for the massless U(1) fields Φ =
{
φ3, λ3
α1˙
, F 3
}
will again be of the form
Leff =
1
16π
Im
[∫
d2θF ′′(Φ)WW +
∫
d2θd2θ¯Φ¯F ′(Φ)
]
, (2.13)
where W =
{
A3µ, λ
3
α2˙
, D3
}
.
The low energy dynamics is then governed by a unique function F(Φ), the effective
prepotential, whose functional form is not restricted by supersymmetry. The crucial
property of F(Φ), first proved in [28], is holomorphicity. In analogy with (2.6) we can
also define an effective coupling constant as
τ(a) = F ′′(a) . (2.14)
It is a simple exercise to rewrite (2.13) in the component field formalism.1 This way
1Throughout the article we will use the conventions of Wess and Bagger [29] for the
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we obtain
Leff =
1
4π
Im
[
−F ′′(φ)
(
|∂µφ|2 + iλ¯A˙ /∂λA˙ +
1
4
FµνFµν
)
+
1√
2
F ′′′(φ)λ1˙σµνλ2˙Fµν +
1
4
F IV (φ)λ21˙λ22˙
]
+ · · · , (2.15)
where the dots stand for terms of higher order in the coupling constant. The effective
description of the low–energy dynamics in terms of the U(1) superfields Φ, W is not
appropriate for all vacuum configurations. In particular, the quantum moduli space
MSU(2) is better described in terms of the variable a and its dual aD = ∂aF . When
the gauge group is SU(2), we can describe MSU(2) in terms of the gauge–invariant
coordinate u =< Trφ2 >. Then MSU(2) is the Riemann sphere with punctures at
u =∞ and, in the normalisation of [1], at u = ±Λ2.
At the classical level
Fcl(a) = τcl
2
a2 , (2.16)
however perturbative as well as non–perturbative effects modify the expression of the
prepotential. We shall then write
F(a) = Fpert(a) + Fnp(a) , (2.17)
including the classical contribution in the first term. The perturbative contribution has
been calculated by Seiberg [31] and is exactly determined thanks to the holomorphicity
requirements on F(a) and to the U(1)R symmetry
U(1)R : λA˙ −→ eiαλA˙ , φ −→ e2iαφ . (2.18)
The associated current JµR is anomalous
JµR = λ¯1˙σ¯µλ1˙ + λ¯2˙σ¯µλ2˙ + 2iφ
†
↔
∂µφ , ∂µJ
µ
R = −
i
32π2
(F aµνF˜
a
µν)(4Nc) , (2.19)
product of Weyl spinors and integration on superspace. We also define the Euclidean
σµ, σ¯µ matrices as σµ = (11, iσ
a), σ¯µ = (11,−iσa), σa, a = 1, 2, 3 being the usual Pauli
matrices, and the (anti)self-dual matrices (σ¯µν)σµν are σµν =
1
2
(σµσ¯ν − σν σ¯µ) = iηaµνσa,
σ¯µν =
1
2
(σ¯µσν − σ¯νσµ) = iη¯aµνσa, where ηaµν , η¯aµν are the ’t Hooft symbols defined in [30].
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(in our case the number of colours is taken to be Nc = 2). The discrete subgroup
Z8 ⊂ U(1)R, generated by the transformations (2.18) with αm = (2π/8)m, m ∈ Z
is a symmetry of the full quantum theory, since in this case the action functional S
transforms as
S −→ S + i8kαm = S + 2πim . (2.20)
At a given point in the u–moduli space the Z8 symmetry spontaneously breaks down
to Z4, since the U(1)R charge of u is +4. However, (2.20) tells us that the points u and
−u correspond to physically equivalent theories. We now immediately rewrite (2.18)
in terms of the U(1) superfield Ψ of the N = 2 supersymmetry as
U(1)R : Ψ(x, θ) −→ Ψ′(x, θ′) = e2iαΨ(x, θe−iα) : (2.21)
if we now assign a charge of +1 to θ, the charge of Ψ will be +2 in such a way that the
classical prepotential (2.5) is invariant. Then the perturbative effective Lagrangian
Lpert[Ψ] =
1
16π
Im
∫
d2θd2θ˜ Fpert[Ψ(x, θ)] , (2.22)
transforms in
L
(α)
pert[Ψ
′] =
1
16π
Im
∫
d2θd2θ˜ Fpert[e2iαΨ(x, θe−iα)] =
1
16π
Im
∫
d4θ e−4iαFpert[e2iαΨ(x, θ)] , (2.23)
where d4θ = d2θd2θ˜. After a little algebra we get
Lpert + δαLpert =
1
16π
Im
∫
d4θ
[
1 + 4iα
(
−1 + Ψ2 ∂
∂Ψ2
)]
Fpert(Ψ) . (2.24)
Furthermore, we know that under a U(1)R transformation
δαLpert = −(4Ncα)
(
1
32π2
F aµνF˜
a
µν
)
, (2.25)
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(with Nc = 2), so that
Lpert + δαLpert =
1
16π
Im
∫
d4θ
[
F(Ψ)− 2α
π
Ψ2
]
, (2.26)
from which it immediately follows that2
(Ψ2
∂
∂Ψ2
− 1)Fpert(Ψ) = i
2π
Ψ2 . (2.27)
This is the semiclassical version [13, 32, 33] of the non–perturbative relation
iπ
(
F − a
2
∂F
∂a
)
=< Tr φ2 > , (2.28)
obtained in [4] and subsequently re–derived in [13]. The solution of (2.27) is
Fpert(Ψ) = i
2π
Ψ2 ln
Ψ2
µ2
, (2.29)
where µ can be fixed by the value of the coupling constant at some subtraction point.
The normalisation of the (one–loop) perturbative contribution must be fixed together
with the non–perturbative contributions and the definition of the renormalisation group
invariant (RGI) scale Λ. To this end we first write the non–perturbative prepotential
as
Fnp(a) =
∞∑
k=1
Fk
(
Λ
a
)4k
a2 , (2.30)
and similarly
u(a) =
1
2
a2 +
∞∑
k=1
Gk
(
Λ
a
)4k
a2 . (2.31)
It easy to check that the expressions (2.30), (2.31) possess the correct invariance prop-
erties under the Z8 symmetry. The values of the Fk’s and the Gk’s are meaningful only
if one specifies the choice of the RGI scale Λ, and can be obtained via a k–instanton
calculation [6, 9, 12]. In the following we shall need the expressions for the 1–instanton
contributions to u(a), which has been found to be [6, 12]
< Trφ2 >k=1=
Λ4PV
a2
. (2.32)
2Disregarding terms which vanish when integrated in d4θ.
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Here ΛPV is the Pauli–Villars RGI invariant scale, which naturally arises when per-
forming instanton calculations after the cancellation of the determinants of the kinetic
operators of the various fields [34]. We shall fix in a moment its relationship with the
scale employed in [1]. Note that the relation (2.28) gives the Fk’s as a function of the
Gk’s,
2iπkFk = Gk . (2.33)
By making some hypotheses on the structure of the moduli space and on the mon-
odromies of τ around its singularities, Seiberg and Witten were able to obtain the
expressions of a(u) and aD(u), which are given by
a(u) =
√
2
π
∫ Λ2
−Λ2
dx
√
x− u√
x2 − Λ4 , (2.34)
aD(u) =
√
2
π
∫ u
Λ2
dx
√
x− u√
x2 − Λ4 , (2.35)
where Λ is the Seiberg–Witten RGI scale (to be matched against the Pauli–Villars
one). We now put
aD(u) =
√
2u
π
g(1/u) , (2.36)
where
g(1/u) =
∫ 1
Λ2/u
dz
√
z − 1√
z2 − Λ4/u2
= (2.37)
∫ 1
Λ2/u
dz
[ √
z − 1√
z2 − Λ4/u2
− i
z
]
+
∫ 1
Λ2/u
dz
i
z
. (2.38)
The perturbative constant (u≫ Λ2) contribution to g(1/u) is
∫ 1
0
dz
[√
z − 1
z
− i
z
]
= 2i ln
2
e
, (2.39)
so that
aD(u)→ i
√
2u
π
ln
4u
(eΛ)2
. (2.40)
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Using the asymptotic expansion (2.31) we finally obtain an expression for aD as a
function of a in the perturbative regime,
aD(a)→ i
π
a ln
2a2
(eΛ)2
, (2.41)
that is, in the same limit,
Fpert(a) = i
2π
a2 ln
2a2
e3Λ2
. (2.42)
This sets the normalisation of the classical and perturbative contributions. From (2.42)
it follows that
τpert(a) = F ′′pert(a) =
i
π
ln
2a2
Λ2
. (2.43)
We now examine the first instanton correction to u(a); via the relation (2.33) we will
then fix the normalisation of the Fk’s. Expanding the expression (2.34) of the modulus
a as a function of u for u≫ Λ2 we get
a(u) =
√
2
π
[∫ Λ2
−Λ2
dx
1√
Λ4 − x2 −
1
8u2
∫ Λ2
−Λ2
dx
x2√
Λ4 − x2 +O(Λ
8/u4)
]
=
√
2u
[
1− Λ
4
16u2
+O(Λ8/u4)
]
. (2.44)
In the same approximation we also have that
u(a) =
a2
2
[
1 + 2G1
(
Λ
a
)4
+O
(
Λ
a
)8]
; (2.45)
substituting into (2.44) we get
a = a
[
1 + G1
(
Λ
a
)4
+O
(
Λ
a
)8]
·
{
1− 1
4
(
Λ
a
)4 [
1 + O
(
Λ
a
)8]}
, (2.46)
and, for consistency, we must impose
G1 = 1
4
, (2.47)
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with respect to the RGI scale Λ in [1]. Comparing (2.47) with (2.32) we find
ΛPV =
Λ√
2
. (2.48)
The holomorphic prepotential F(a) is then given by
F(a) = i
2π
a2 ln
2a2
e3Λ2
+ a2
∞∑
k=1
Fk
(
Λ
a
)4k
=
i
2π
a2 ln
a2
e3Λ2PV
+ a2
∞∑
k=1
Fk 22k
(
ΛPV
a
)4k
, (2.49)
where F1 = G1/2πi = 1/8πi. Finally, when we add NF hypermultiplets, the holomor-
phic prepotential F (NF )(a) becomes
F (NF )(a) = i
8π
(4−NF )a2 ln a
2
e3(Λ
(NF )
PV )
2
+ a2
∞∑
k=1
F (NF )k 22k

Λ(NF )PV
a


k(4−NF )
, (2.50)
where F (NF )2k+1=0 in the presence of massless hypermultiplets. This is a consequence of
the Z4(4−NF ) chiral symmetry group of the full quantum theory [2].
3 Non–holomorphic corrections and the β–function
Let us briefly describe the general form of the higher–derivative corrections to the
Lagrangian (2.2). Since an effective Lagrangian is written as an expansion in the space
of momenta, the next–to–leading contributions will come out of the terms with four
or more derivatives or eight or more fermions. In the case of N = 2 SYM theory, they
will be written as a finite expansion in spinor derivatives,
SNL(Ψ, Ψ¯) =
∫
d4xd4θd4θ¯
[
K(Ψ, Ψ¯) +G(Ψ, Ψ¯)DΨDΨD¯Ψ¯D¯Ψ¯ + · · ·+O(D4, D¯4)
]
.
(3.1)
If we assign the scaling dimension [dx] = 1, [dθ] = −1/2 and [D] = 1/2, as a con-
sequence of N = 2 supersymmetry the expansion will contain only terms with even
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dimension. Furthermore, the U(1)R anomaly and the non–perturbative corrections
are completely encoded in the analytic prepotential F , which is the only holomorphic
term that can appear in the effective Lagrangian. Therefore (3.1) is integrated over
the whole superspace. From now on we will restrict our attention to the first term
K(Ψ, Ψ¯) in (3.1), which is adimensional and does not contain spinor derivatives of Ψ
and Ψ¯.
We now consider the derivation of K proposed in [17]. Let H = {w|Imw > 0} be
the upper half plane endowed with the Poincare´ metric ds2P = (Imw)
−2|dw|2. Since
τ = ∂2aF is the inverse of the map uniformising MSU(2), it follows that the positive–
definite metric
ds2P =
|∂3aF|2
(Im τ)2
|da|2 = |∂uτ |
2
(Im τ)2
|du|2 = eϕ|du|2 , (3.2)
is the Poincare´ metric on MSU(2). This implies that ϕ satisfies the Liouville equation
∂u¯∂uϕ =
eϕ
2
. (3.3)
Observe that this equation is satisfied since, for any fundamental domain F in H , τ(u)
is a univalent (i.e. one–to–one) map between MSU(2) and F . In this context we stress
that τ(u) is not properly a function; rather it is a polymorphic function (i.e. it is
Mo¨bius transformed after going around non–trivial cycles). Therefore classical theo-
rems concerning standard meromorphic functions do not hold. In particular, Im τ(u)
is a zero mode of the Laplacian. Observe that on the moduli space τ(u) is holomorphic
as zeroes and poles are at the punctures (that is missing points). Zeroes and poles are
manifest on the compactified moduli space. However, these critical points are absent
in the case of higher genus Riemann surfaces without punctures. This follows from the
fact that punctures correspond to points τ ∈ R = ∂H . In particular, as the fundamen-
tal domains of negatively curved Riemann surfaces without punctures Σ belong to H ,
it follows that in these cases τ is a holomorphic nowhere vanishing function on Σ. In
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particular, ∆ Im τ = 0. In [4, 20, 3] it was shown how the results of [1] are naturally
described in the framework of uniformisation theory. We now show how the function
K(a, a¯) derived in [17] naturally arises in this context.
To see this let us first recall some asymptotics for the Poincare´ metric. Let us
consider the Riemann sphere with elliptic or parabolic points (punctures) at u1, ..., un−1,
un =∞. Near an elliptic point the behaviour of the Poincare´ metric is
eϕ ∼ 4q
2
kr
2qk−2
k(
1− r2qkk
)2 , (3.4)
where q−1k is the ramification index of uk and rk = |u− uk|, k = 1, . . . , n− 1, rn = |u|.
Taking the qk → 0 limit we get the parabolic singularity (puncture)
eϕ ∼ 1
r2k log
2 rk
. (3.5)
It follows that in MSU(2) case the Poincare´ metric eϕ vanishes only at the puncture
u =∞, where ϕ ∼ −2 ln(|u| ln |u|). Furthermore, eϕ is divergent only at the punctures
u = ±Λ2, where ϕ ∼ −2 ln(|u∓ Λ2| ln |u∓ Λ2|).
Let us now gather the known results on K(Ψ, Ψ¯). First observe that in [15] it was
proved that, to the one–loop order
K(Ψ, Ψ¯) ∼ c ln Ψ
Λ
ln
Ψ¯
Λ
, (3.6)
where c is a constant which was recently calculated [21] in the formalism of harmonic
superspace for 0 ≤ NF ≤ 4. The non–holomorphic terms in the effective Lagrangian
are U(1)R–invariant. If we follow the reasoning made for F (which eventually led to
(2.27)) we get, in particular,
∫
d4θd4θ¯
{
Ψ
∂
∂Ψ
− Ψ¯ ∂
∂Ψ¯
}
K(Ψ, Ψ¯) = 0 , (3.7)
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which should be considered as a semiclassical Ward identity for K. The solution of
this equation is simply given, modulo Ka¨hler transformations, by
K(y, y¯) = P (y + y¯) + yg¯(y¯) + y¯g(y) , (3.8)
where y = lnΨ/Λ, g is an arbitrary function and P = P¯ .3 In particular, the term
found in [15] is a solution to this equation, but it seems that, in principle, no non–
renormalisation theorem prevents us from considering solutions with higher order poly-
nomials in ln(ΨΨ¯/Λ2). These terms would represent higher–loop contributions to K.
However, in the case of SQCD with NF = 4 massless hypermultiplets and gauge group
SU(2), we know that the β–function vanishes, so that no scale Λ arises in the theory.
In this case the only possible function of Ψ/Λ which can appear in the solution (3.8)
is a term linear in the product ln(Ψ/Λ) ln(Ψ¯/Λ) (or, up to purely chiral or antichiral
terms, quadratic in ln(ΨΨ¯/Λ2)) [18]; indeed, only in this case the scale Λ is a fake
(it does not multiply non–holomorphic terms in the Lagrangian), as it should for a
scale–invariant theory.
Let us go back to the NF = 0 case. Besides (3.6) we know that that K is a modular
invariant [14] and that the one–instanton contribution is [16]4
K(Ψ, Ψ¯)|k=1 = 1
8π2
(
Λ
Ψ
)4
ln
Ψ
Λ
Ψ¯
Λ
+ h.c. (3.9)
Strictly speaking, a function G(Ψ, Ψ¯) is said to be modular invariant ifG(γ(Ψ), γ(Ψ¯)) =
G(Ψ, Ψ¯), γ ∈ SL(2,Z). However, K(Ψ, Ψ¯) has the invariance T ◦K(Ψ, Ψ¯) = K(Ψ, Ψ¯)
and S ◦K(Ψ, Ψ¯) = K(Ψ, Ψ¯). While in the former case there is no change in the func-
tional structure of K, in the latter, according to the S–dual formulation of the theory,
where F(Ψ) is replaced by FD(ΨD), the function S ◦ K(Ψ, Ψ¯) should be constructed
with the building block FD(ΨD) (which replaces F(Ψ) in the construction of K(Ψ, Ψ¯)).
3It is a trivial exercise to show that (3.7) is completely equivalent to the superspace–
integrated version of equation (3.7) of [21].
4From now on we will denote by Λ the Pauli–Villars RGI scale.
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Let us discuss why F(Ψ) should be considered as a building block for K(Ψ, Ψ¯).
First of all, one can observe that the geometry determined by F is that of the Riemann
sphere with three punctures. Then, by S–duality, modular invariance and general
arguments, it is quite natural to believe that K should be a well–defined function on
MSU(2), that is a real “function” of u, u¯. On the other hand the inversion formula
(2.28) tells us that we can express u by means of F(Ψ). Therefore, F(Ψ) is the
building block for K(Ψ, Ψ¯). This is a useful result since, as we will see, it implies
a differential equation for K(Ψ, Ψ¯), which is the non–chiral analogue of (2.28). On
the other hand (2.28), which is equivalent to a second–order equation, is actually a
(anomalous) superconformal Ward identity [13]. Then, the equation we will get should
be interpreted as a non–chiral superconformal Ward identity.
The request of modular invariance indicates that K should be constructed in terms
of the geometrical building blocks of the thrice–punctured Riemann sphere MSU(2).
The comparison between the asymptotics (3.5) and (3.6) suggests that the Poincare´
metric should have a roˆle in defining K. In particular, we observe that, in order to
be well–defined on the u–moduli space, the logarithmic terms should come out of a
function which has to be globally defined. This would also respect the symmetries of
the theory. The above analysis suggested the following proposal [17]:
K(Ψ, Ψ¯) = α
e−ϕ(G(Ψ),G(Ψ))
|G2(Ψ)− Λ4| , (3.10)
where α is a real constant to be determined via an explicit calculation, and
eϕ(u,u¯) =
|∂uτ |2
(Im τ)2
, (3.11)
is the Poincare´ metric on MSU(2). The expression (3.10) can also be written in the
form
K(Ψ, Ψ¯) = 4απ2e2ϕSW |G2(Ψ)− Λ4| , (3.12)
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or
K(Ψ, Ψ¯) = 2απeϕSW (G(Ψ),G(Ψ))−
ϕ
2
(G(Ψ),G(Ψ)) , (3.13)
where
eϕSW (u,u¯) = |∂ua|2Im τ , (3.14)
is the Seiberg–Witten metric on MSU(2).
Let us now consider the geometrical meaning of K(Ψ, Ψ¯). According to (3.13) the
(1/2, 1/2)–differentialK is proportional to the Seiberg–Witten metric times the inverse
of the square root of the Poincare´ metric. The interesting point is that the structure
of (3.14) does not prevent us from considering for K a suitable modification of the
Liouville equation which is satisfied by the Poincare´ metric. In particular, looking at
the structure of (3.14), it is easy to see that after a sufficient number of times one acts
with the derivative operators, the effect of the Seiberg–Witten metric on the Liouville
equation can be eliminated. In particular, setting
Y (a, a¯) = K(a, a¯)∂a∂a¯ lnK(a, a¯) , (3.15)
we have the “non–chiral superconformal Ward identity”5
∂a¯∂a lnY (a, a¯) = 0 . (3.16)
3.1 K(Ψ, Ψ¯) from the β–function
In [22] the renormalisation group equation (RGE) and the exact β–function was derived
in the SU(2) case. Also, similar structures have been considered in the framework of
the Witten–Dijkgraaf–Verlinde–Verlinde equation in the SU(3) case [23]. It would be
interesting to understand the scaling properties of K. As it is constructed in terms of
F , one could imagine that the RGE for F should play a role. The RGE, derived in
5We thank Gaetano Bertoldi for interesting discussions on this equation.
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[22], is
∂ΛF(a,Λ) = Λ
Λ0
∂Λ0F(a0,Λ0)e−2
∫ τ
τ0
dxβ−1(x)
, (3.17)
where
β(τ) = Λ (∂Λτ)u , (3.18)
is the β–function. Remarkably, the β–function admits a geometrical interpretation as
the chiral block for the Poincare´ metric, namely [22]
ds2P =
∣∣∣∣∣ β2u Im τ
∣∣∣∣∣
2
|du|2 = eϕ|du|2 . (3.19)
On physical grounds it is clear that, the β–function should vanish at u = 0. However,
this degeneracy should not appear in the relevant geometrical objects. Remarkably,
this is actually the case. To be more precise, the above expression for K admits the
equivalent general representation
K(a, a¯) = 4απ
|G(a)|(Im τ)2
|β||∂aG(a)|2 . (3.20)
3.2 The 1 ≤ NF ≤ 4 Case
As the above expression for K does not refer to a particular underlying geometry, we
can consider (3.20) as a general model–independent expression for K. In particular,
observe that its asymptotic expansion can be performed by just using the one for
the prepotential F . However, there is still another equivalent form for K which is
particularly useful in order to perform asymptotic analyses. We have in mind the
fact that, in the presence of massless hypermultiplets, only instantons with even k
contribute. Then, in order to get a suitable expression for K, we introduce the function
[22]
β(a)(τ) = Λ (∂Λτ)a , (3.21)
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whose relation with the β–function is [22]
β(τ) = 2u
∂ua
a
β(a)(τ) . (3.22)
By (3.20) and (3.22) we have
K(a, a¯) = 2απ
|a|(Im τ)2
|β(a)||∂aG(a)| . (3.23)
To better illustrate the roˆle of the β–function in the non–holomorphic contribution,
we use a result in [22] where it was shown that
u = Λ2e
−2
∫ τ
τ0
dxβ−1(x)
, (3.24)
where u(τ0) = Λ
2 (in the NF = 0 case, τ0 = 0). Then K has the form
K(a, a¯) = απ
∣∣∣∣ aΛ
∣∣∣∣2 |F |2e
∫ τ
τ0
β−1+
∫ τ
τ0
β−1
(Im τ)2 , (3.25)
where
F (a, a¯) =
β1/2
β(a)
. (3.26)
Thanks to (3.24) and (3.25) it follows that K satisfies the RGE
Λ (∂ΛK(a, a¯))a,a¯ = 2
[
Re
(
β(a)
β
+ β(a)∂τ lnF
)
+
Im β(a)
Im τ
− 1
]
K(a, a¯) . (3.27)
One can check that when only instantons with even k contribute to F , then this
would also be the case for the expression (3.23) for K.
Finally we note that in the NF = 4 case the above construction breaks down.
In particular, in this case the underlying geometry is trivial. As a consequence, the
non–trivial global aspects of moduli spaces, which actually generate non–perturbative
corrections, do not arise for NF = 4. This is already clear for the chiral part F which
is proportional to a2. As in general the function K is built in terms of F , we see that
there is no way to get non–holomorphic contributions to K but the one–loop term,
whose structure has a global meaning since the underlying geometry is trivial.
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4 Non–perturbative contributions to K(Ψ, Ψ¯)
Let us now discuss the series expansion for K(Ψ, Ψ¯) in the case of SYM theory. We
can rewrite (3.10) as
K(Ψ, Ψ¯) =
64α
π2
|G2(Ψ)− 4Λ4|(Im τ(Ψ))2
|Ψ|4|τˆ(Ψ)− τ(Ψ)|4 , (4.1)
where
τˆ(Ψ) =
1
Ψ
∂F
∂Ψ
. (4.2)
It can be fixed by using the result in [21]; however, this is not enough to get a complete
check of the validity of (3.20) and (3.23), as we will discuss in the following.
Expanding (4.1) up to the order relevant to 2–instanton calculations, and neglecting
purely chiral or antichiral terms, we find
K(x, x¯) ≃ α
{
ln x ln x¯+ x4(3 ln x¯− 2 ln2 x¯− 2 ln x¯ ln x) +
x8
(
−21
2
ln x ln x¯− 21
2
ln2 x¯+
57
8
ln x¯
)
+ (4.3)
x4x¯4
(
9
4
− 6 ln x¯+ 2 ln2 x¯+ 4 lnx ln x¯
)
+ h.c.
}
,
where x = Λ/Ψ.
Let us briefly comment on the functional dependence of the various terms appear-
ing in the expansion. The first logarithmic term represents the one–loop perturbative
contribution to K(Ψ, Ψ¯) which was first derived in [15]; it is to be noted that there are
no higher–order (higher–loop) logarithmic corrections to K(Ψ, Ψ¯). This seems to be
confirmed by recent results found in [24], where the two–loop correction to the effective
Lagrangian (2.1) is shown to vanish. As far as the terms x4k ln x¯ are concerned, they
appear explicitly in the k–instanton calculations, while the terms with x4k ln x¯ lnx and
x4k ln2 x¯ are expected to be one–loop corrections around the k–instanton configuration.
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As a matter of fact, in this case there are no constraints coming from holomorphicity
requirements and from the anomalous U(1)R symmetry which forbid the existence of
loop corrections around instanton configurations [31]. Finally, the terms x4mx¯4n and
logarithmic corrections are expected to represent m–instanton/n–antiinstanton contri-
butions and loop corrections around this configuration. In the case of SQCD this situa-
tion is simply modified in the presence of massless hypermultiplets, since the expansion
contains only non–perturbative contributions from m–instanton/n–antiinstanton where
m,n are even numbers and one–loop corrections around these configurations. In the
sequel we will perform 1– and 2–instanton calculations which will give contributions
to K(Ψ, Ψ¯) of the form expected from the conjecture in [17]. Let us now make a re-
mark which will become clear after the instanton computation will be performed. If
we differentiate K(x, x¯) twice with respect to x and twice with respect to x¯ (to ob-
tain Kxxx¯x¯), the terms containing the ln xx¯ and the ln
2 xx¯ give contributions which
sum. Therefore, for an unambiguous check of the conjectures (3.20), (3.23), one needs
not only 1–instanton or 2–instanton but also mixed 1–instanton/1-antiinstanton results
and perturbative corrections around all the aforementioned configurations. Anyway, as
a first step towards the check these proposals, we now compute the non–perturbative
(1–instanton and 2–instanton) contributions to K(Ψ, Ψ¯).
In terms of N = 1 superspace the four–derivative term reads [14]:
1
16
∫
d2θd2θ¯
[
Kφφ¯(Φ, Φ¯)(D
αDαΦD¯α˙D¯
α˙Φ¯ + 2D¯α˙D
αΦDαD¯
α˙Φ¯ + 4DαWαD¯α˙W¯
α˙ −
4D(αW β)D(αWβ) − 4D¯(α˙W¯β˙)D¯(α˙W¯ β˙) − 2DαDα(W βWβ)− 2D¯α˙D¯α˙(W¯β˙W¯ β˙))−
2Kφφφ¯(Φ, Φ¯)W
αWαD
βDβΦ− 2Kφφ¯φ¯(Φ, Φ¯)W¯α˙W¯ α˙D¯β˙D¯β˙Φ¯ +
Kφφφ¯φ¯(Φ, Φ¯)
(
−8W αDαΦW¯α˙D¯α˙Φ¯ + 4W αWαW¯α˙W¯ α˙
)]
, (4.4)
whereKφ = ∂K/∂φ. When written in the x–space this Lagrangian contains a four–field
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strength vertex which is the one we will focus our attention on in our calculations:
1
4
∫
d4xd2θd2θ¯ Kφφφ¯φ¯(Φ, Φ¯)W
αWαW¯α˙W¯
α˙ =
1
256
Kaaa¯a¯(a, a¯)
∫
d4x Tr(σabσcd)Tr(σ¯ef σ¯gh)FabFcdFefFgh . (4.5)
Thus, the correlator we intend to study is
〈Fµν(x1)Fρσ(x2)Fλτ (x3)Fκθ(x4)〉 . (4.6)
4.1 The k = 1 Semiclassical Computation
The relevant configuration which contributes to this Green function is dictated by the
sweeping–out procedure at the next–to–leading–order of [9]:
Fµν = F
(0)
µν + iξ(x)σ[νDµ]λ¯
(0) + 2iλ¯(0)σ¯µν ε¯+ 2igξ
2(x)λ¯(0)σ¯µν λ¯
(0) , (4.7)
where F (0)µν satisfies the equation
DµF (0)µν = −2ig[φ†cl, Dνφcl] , (4.8)
with
φcl =
x2
x2 + ρ2
ac(σc/2) , (4.9)
and
ξ(x) = ξ + ρ−1xµσµε¯ , (4.10)
λ¯(0) = −i
√
2ξ′ /Dφ†cl . (4.11)
Here, for simplicity, x stands for x − x0, where x0 is the centre of the 1–instanton
configuration, and ρ is its size; finally η¯′aµν = Rabη¯
a
µν , where Rab is an SU(2) rotation
matrix which corresponds to global colour rotations.
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We start by rederiving the result of [16] for the 1–instanton case in a different way.
In the case k = 1, the N = 2 SYM measure on the moduli space is simply [30, 35]
∫
d3Θd4x0
dρ
ρ5
27π6
g8
(µρ)8
(
16π2µ
g2
)−2
d2ξd2ξ′
(
32π2ρ2µ
g2
)−2
d2ε¯d2ε¯′ exp(−Sinst) ,
(4.12)
where Sinst is the sum of the classical action, the Higgs and the Yukawa terms, and
Θa, a = 1, 2, 3 denotes the moduli associated with global colour rotations.
We observe first that Fµν does not contain the superconformal collective coordinate ε¯
′ so
that the integration over the superconformal fermionic coordinates must be completely
saturated by the Yukawa action and we can ignore the terms in Fµν which depend on
the fermionic coordinate ε¯. Therefore in evaluating the correlator (4.6), only the first,
the second and the fourth term in the r.h.s. of (4.7) will be of interest. To lowest order
in g2ρ2|a|2, F (0)µν becomes
F clµν =
4ρ2
g
1
x2(x2 + ρ2)2
(−x2η¯′aµν + 2xλxν η¯′aµλ + 2xλxµη¯′aλν)
σa
2
, (4.13)
and the term proportional to ξ2 is negligible. Then, in order to saturate the integration
over the supersymmetric collective coordinates ξ, ξ′, the product in (4.6) boils down to
F clµν(x1)F
cl
ρσ(x2)[iξσ[νDµ]λ¯
(0)(x3)][iξσ[νDµ]λ¯
(0)(x4)] . (4.14)
Now we have to extrapolate the relevant long–distance effective U(1) fields (4.13):
F (3)cl,LDµν (x) =
4ρ2
g
· 1
x6
(−x2η¯′3µν + 2xλxν η¯′3µλ + 2xλxµη¯′3λν) , (4.15)
and
iξσ[ν∂µ]λ¯
(0)
LD , (4.16)
where λ¯
(0)
LD = −i
√
2ξ′ /∂φ†LDcl and the suffix LD stands for long–distance. In this limit
the covariant derivative becomes a simple one. In [9] a nice relationship between the
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scalar Higgs field and the Higgs action in the long–distance limit was derived,
φ†cl,LD = a¯− a−1SHG(x, x0) , (4.17)
where G(x, x0) = 1/4π
2(x− x0)2 is the massless scalar propagator. As a consequence
of this observation it is possible to recast (4.16) into the form
√
2
2
∂
∂a
SHξσ
abξ′Gµν,ab(x, x0) , (4.18)
where Gµν,ab(x, x0) is the gauge–invariant propagator of the U(1) field strength
Gµν,ab(x, x0) = (δνb∂µ∂a − δνa∂µ∂b − δµb∂ν∂a + δµa∂ν∂b)G(x, x0) . (4.19)
The integration on the superconformal collective coordinates, which are lifted in the
background of the constrained instanton, is completely saturated by the Yukawa action
SY , and one gets [36]
∫
d2ε¯d2ε¯′ exp(−SY ) = −29π4g−2ρ4a¯2 . (4.20)
The key observation is that the only dependence on the coordinates Θ is due to the
insertion of F (3)clµν and that, in the long–distance limit,
∫
SU(2)/Z2
d3ΘF (3)clµν (x1)F
(3)cl
ρσ (x2) =
8π2
3
F a clµν (x1)F
a cl
ρσ (x2) = (4.21)
= −16π
6ρ4
3g2
Tr(σ¯ef σ¯gh)Gµν,ef(x1, x0)Gρσ,gh(x2, x0) .
Taking into account the other two insertions which saturate the integration over ξ, ξ′
we finally obtain
〈Fµν(x1)Fρσ(x2)Fλτ (x3)Fκθ(x4)〉k=1 = − 15
64π2
Λ4
g4a¯2a6
∫
d4x0Tr(σ
abσcd)
Gµν,ab(x1, x0)Gρσ,cd(x2, x0)Tr(σ¯
ef σ¯gh)Gλτ,ef(x3, x0)Gκθ,gh(x4, x0) . (4.22)
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On the other hand the computation of the four–field strength vertex making use of the
effective Lagrangian yelds
〈Fµν(x1)Fρσ(x2)Fλτ (x3)Fκθ(x4)〉L−eff = 3
32
Kaaa¯a¯(a, a¯)
∫
d4xTr(σabσcd)
Gµν,ab(x1, x0)Gρσ,cd(x2, x0)Tr(σ¯
ef σ¯gh)Gλτ,ef(x3, x0)Gκθ,gh(x4, x0) , (4.23)
which finally reproduces the result [16]
K(a, a¯) =
1
8π2g4
Λ4
a4
ln a¯ . (4.24)
We can rewrite the 1–instanton correlator in a form which is well–suited to the gen-
eralisation to SQCD with 1 ≤ NF ≤ 4 massive hypermultiplets in the fundamental
representation of SU(2) (in the case in which at least one hypermultiplet is mass-
less the non–perturbative contributions are expected to come only from m–instanton
n–antiinstanton configurations where m, n are even),
〈Fµν(x1)Fρσ(x2)Fλτ (x3)Fκθ(x4)〉k=1 = π
4
2
(∫
d4x0Tr(σ
abσcd)Gµν,ab(x1, x0)
Gρσ,cd(x2, x0)Tr(σ¯
ef σ¯gh)Gλτ,ef(x3, x0)Gκθ,gh(x4, x0)
) ∂2
∂a2
[∫
dµ˜1ρ
4
]
, (4.25)
where dµ˜1 is the “reduced” instanton measure obtained by extracting from the full
measure the integration over the bosonic and fermionic translational coordinates [9, 12].
This formula generalises immediately by exchanging dµ˜1 with dµ˜
NF
1 [9], where∫
dµ˜NF1 = −
1
16π2g4
Λ4−NFNF
a2
NF∏
i=1
mi , (4.26)
and mi is the mass of the i–th hypermultiplet. By doing this we obtain
K(a, a¯)|NF =
1
8π2g4
Λ4−NFNF
a2
ln a¯
NF∏
i=1
mi , (4.27)
which is in complete agreement with one of the results obtained in [37]. It is to be
noted that in the case NF = 4 the β-function vanishes identically so that the scale ΛNF
must be replaced by q = exp(2iπτcl), where τcl is defined in (2.14).
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4.2 The k = 2 Computation
Let us now describe the calculation of the 2–instanton contribution to the real function
K(Ψ, Ψ¯). Again, the Green function which we are going to study is the simplest one, the
four–field strength one. We will then be able to immediately generalise our calculation
to the case of SQCD and to check the validity of the non–renormalisation theorem in
the case NF = 4 found in [18].
We start by briefly recalling how to determine gauge field configurations for a
generic winding number k. The instanton field can be conveniently written in terms of
the Atiyah–Drinfeld–Hitchin–Manin (ADHM) construction [38, 39]. To find an instan-
ton solution of winding number k, one introduces a (k + 1)× k quaternionic matrix
∆ = a+ bx , (4.28)
where x denotes a point of the one–dimensional quaternionic space H ≡ C2 ≡ R4,
x = xµσµ.
6 The gauge connection is then written in the form
Aclµ = U
†∂µU , (4.29)
where U is a (k + 1) × 1 matrix of quaternions providing an orthonormal frame of
Ker∆†, i.e.
∆†U = 0 , (4.30)
U †U = 112 . (4.31)
The constraint (4.31) ensures that Aclµ is an element of the Lie algebra of the SU(2)
gauge group. The condition of self–duality on the field strength of (4.29) is imposed
by restricting the matrix ∆ to obey
∆†∆ = f−1 ⊗ 112 , (4.32)
6We use the conventions of [12].
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with f an invertible hermitian k × k matrix (of real numbers). The reparametrisation
invariances of the ADHM construction [40] can be used to simplify the expressions of
a and b. Exploiting this fact, in the following we will choose the matrix b to be
b = −
(
01×k
11k×k
)
. (4.33)
From (4.29), one can compute the field strength of the gauge field, which reads
F clµν = 2U
†bσµνfb
†U . (4.34)
In the so–called singular gauge, one has
U0 = σ0
(
1− 1
2
flmtrvlv¯m
)1/2
,
Up = − 1|U0|2∆plflmv¯mU0 , (4.35)
where vp = ∆0p and l, m, p = 1, . . . , k. In the following we will need only the long–
distance limit of these functions,
∆pl ∼ bplx , flm ∼ 1
x2
δlm ,
Uk ∼ − 1
x2
xv¯kU0 , U0 ∼ σ0 , (4.36)
∆0l ∼ 0 .
When k = 2 the most general instanton configuration can be written starting from the
ADHM matrix
a =

 v1 v2x0 + e d
d x0 − e

 . (4.37)
Here
d =
e
4|e|2 (v¯2v1 − v¯1v2) , (4.38)
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as a consequence of the ADHM defining equations [41].
The fermionic zero–modes λ
(0)
βA˙
are easily deduced from the gauge field zero–modes [40]
Zµ = U
†Cσ¯µfb
†U − U †bfσµC†U , (4.39)
by recalling that, due to N = 2 SUSY,
λ
(0)
βA˙
= σµ
βA˙
Zµ , (4.40)
(A˙ = 1, 2 labels the two SUSY charges and β = 1, 2 is a spin index). For (4.39) to be
transverse zero–modes, the (k + 1) × k matrix C (for a generic instanton number k)
must satisfy
∆†C = (∆†C)T , (4.41)
where the superscript T stands for transposition of the quaternionic elements of the
matrix (without transposing the quaternions themselves). The number of C’s satisfying
(4.41) is 8k [40]. We also need the form of the matrix C appearing in (4.40), which
is constrained by (4.41) to describe the zero–modes of the N = 2 gauginos λ
(0)
βA˙
. To
parallel the form of (4.37), we shall put
C1˙ =

 µ1 µ24ξ + η δ
δ 4ξ − η

 , (4.42)
C2˙ =


ν1 ν2
4ξ′ + η′ δ′
δ′ 4ξ′ − η′

 , (4.43)
where δ, δ′ are constrained by (4.41) to be
δ =
e
2|e|2 (2d¯η + v¯2µ1 − v¯1µ2) , (4.44)
δ′ =
e
2|e|2 (2d¯η
′ + v¯2ν1 − v¯1ν2) .
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In the long–distance limit, the 2–instanton field strength factorises in
F clLDµν =
2
x6
[v1x¯σµνxv¯1 + (v1 → v2)] = (4.45)
1
x6
[v1(−x2σ¯µν + 2xρxµσ¯ρν + 2xρxν σ¯µρ)v¯1 + (v1 → v2)] .
On the other hand in [9] it was proved that, thanks to the geometrical properties of
the ADHM construction, the relationship between the ξ, ξ′ bilinear part in (4.7) and
the Higgs action continues to hold for every winding number.
We start with the k = 2 N = 2 supersymmetric measure, which reads
1
S2
∫
d4x0d
4ed4v1d
4v2d
2ξd2ξ′d2ηd2η′d2µ1d
2µ2d
2ν1d
2ν2 exp(−Sinst)
(
JB
JF
)1/2
. (4.46)
S2 is the k = 2 symmetry factor which eliminates all the redundant copies of each
field configuration which appears in the ADHM formalism [40, 9], and JB(JF ) is the
Jacobian of the change of variables for the bosonic (fermionic) degrees of freedom. As
in the calculation of the 2–instanton contribution to the N = 2 prepotential [9], we
find it convenient to define the four combinations of the bosonic parameters:
L = |v1|2 + |v2|2 ,
H = L+ 4|d|2 + 4|e|2 ,
Ω = v1v¯2 − v2v¯1 , (4.47)
ω =
1
2
tr ΩA00 ,
where A00 =
i
2
acσc. In terms of these new variables it is possible to write the Higgs
action as
SH = 16π
2
(
L|A00|2 − |ω|
2
H
)
= 4π2|a|2
(
L− |Ω|
2 cos2 θ
H
)
, (4.48)
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and the Yukawa action as
SY = 4
√
2π2
[
−νkA¯00µk + (ω¯/H)(µ1ν2 − ν1µ2 + 2ηδ′ − 2η′δ)
]
, (4.49)
where |ω| = 1
2
|Ω||a|| cos θ| defines the polar angle θ. Finally
1
S2
(
JB
JF
)1/2
exp(−Scl) = 26π−8Λ8
∣∣∣|e|2 − |d|2∣∣∣
H
. (4.50)
As in the 1–instanton case the integration over the non–supersymmetric fermionic
coordinates is saturated by the Yukawa action which gives
∫
d2ηd2η′d2µ1d
2µ2d
2ν1d
2ν2 exp(−SY) = −2
5π6a¯6 cos2 θ
|e|4H ′2 L
2

(1 + cos2 θ
H ′
)2
+
1− |Ω′|2
H ′2
sin2 θ cos2 θ
]
, (4.51)
where we have redefined Ω′ = Ω/L,H ′ = H/L. The integration over the variable e is
traded for the integration on H , i.e.
∫
d4e
∣∣∣|e|2 − |d|2∣∣∣
|e|4 −→
π2
2
∫ ∞
L+2|Ω|
dH . (4.52)
As far as the two insertions of Fµν bilinear in ξ, ξ
′ are concerned, it is possible to use a
trick already exploited in the 1–instanton case. It consists in writing them as a second
derivative of the instanton measure with respect to a [9]; the remaining two insertions,
however, will have to be inserted and integrated explicitly. First of all let us write v2
as a function of v1,Ω, L,
v2 =

Ω¯
2
+
√
|v1|2(L− |v1|2)− |Ω|
2
4

 v1
|v1|2 , (4.53)
and insert this form in the long–distance limit of the 2–instanton classical configuration.
The integration measure over v1, L,Ω is written as
2
∫ ∞
0
dL
∫
|Ω|≤L
d3Ω
∫ L+
L−
d|v1|2 1
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√
(L+ − |v1|2)(|v1|2 − L−)
∫
S3
d3Θ , (4.54)
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where
∫
S3 d
3Θ = 2π2 is the integration over the global colour rotations of the first
centre of the instanton and L± =
1
2
(L±
√
L2 − |Ω|2). On the other hand
∫
d3Ω = L3
∫ 2pi
0
dϕ
∫ 1
−1
d(cos θ)
∫ 1
0
|Ω′|2d|Ω′| , (4.55)
where θ is the angle between Ω and the direction singled out by the vev of the Higgs
field. Again, as in the 1–instanton case, the key observation is that, in the long–distance
limit,
∫
d3ΘF 3 clµν (x)F
3 cl
ρσ (y) =
2π2
3
F a clµν (x)F
a cl
ρσ (y) = (4.56)
−2π
6
3
Tr(σ¯abσ¯cd)Gµν,ab(x, x0)Gρσ,cd(y, x0)
(
L|v1|2 − |Ω|
2
2
sin2 θ
)
.
Putting everything together one obtains the following integral for the correlator:
∫
d4x0
∫ 1
0
d|Ω′||Ω′|6
∫ 1
−1
d(cos θ) cos2 θ
∫ ∞
1+2|Ω′|
dH ′
H ′3
∫ ∞
0
dLL7
[1− |Ω′|2 sin2 θ](−4π14)Λ8a¯6


(
1 +
cos2 θ
H ′
)2
+
1− |Ω′|2
H ′2
sin2 θ cos2 θ


Tr(σ¯abσ¯cd)Gµν,ab(x1, x0)Gρσ,cd(x2, x0)Tr(σ
efσgh)Gλτ,ef(x3, x0)Gκθ,gh(x4, x0)
∂2
∂a2
exp
[
−4π2L|a|2
(
1− |Ω
′|2 cos2 θ
H ′
)]
, (4.57)
and, after a trivial integration on L we get
∫
d4x0
∫ 1
0
d|Ω′||Ω′|6
∫ 1
−1
d(cos θ) cos2 θ
∫ ∞
1+2|Ω′|
dH ′
H ′3
[1− |Ω′|2 sin2 θ]
(
−5 · 3
4 · 7
26π2
)
Λ8
a¯2a10
(
1 + cos
2 θ
H′
)2
+ 1−|Ω
′|2
H′2
sin2 θ cos2 θ(
1− |Ω′|2 cos2 θ
H′
)8 Tr(σ¯abσ¯cd)Gµν,ab(x1, x0)
Gρσ,cd(x2, x0)Tr(σ
efσgh)Gλτ,ef(x3, x0)Gκθ,gh(x4, x0) . (4.58)
The remaining integrations over the adimensional variables |Ω′|, cos θ,H ′ can be easily
performed by using a standard algebraic manipulation routine and give 1/42. The final
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result is then, restoring the explicit g dependence,
〈Fµν(x1)Fρσ(x2)Fλτ (x3)Fκθ(x4)〉k=2 = − 5 · 3
3
27π2g8
Λ8
a¯2a10
∫
d4x0Tr(σ¯
abσ¯cd)
Gµν,ab(x1, x0)Gρσ,cd(x2, x0)Tr(σ
efσgh)Gλτ,ef(x3, x0)Gκθ,gh(x4, x0) . (4.59)
Comparing this result to that of the effective Lagrangian gives
K(a, a¯)|k=2 = 5
32π2g8
Λ8
a8
ln a¯ , (4.60)
which is our prediction for the 2–instanton contribution to the real function K(Ψ, Ψ¯)
while the 2–antiinstanton configuration contribution to K is simply the complex con-
jugate of (4.60).
Let us generalise our result to the case of NF ≤ 4 massless hypermultiplets which
receives the first non–perturbative contribution from the 2–instanton sector and verify
the non–renormalisation theorem of [18] for NF = 4. As in the 1–instanton case (see
(4.25)) it is possible to rewrite the four–field strength correlator as a double derivative
of the “reduced” measure with respect to a
〈Fµν(x1)Fρσ(x2)Fλτ (x3)Fκθ(x4)〉k=2 = π
4
4
∂2
∂a2
[∫
dµ˜2
(
|v1|2L− |Ω|
2
2
sin2 θ
)]
(4.61)
∫
d4x0Tr(σ¯
abσ¯cd)Gµν,ab(x1, x0)Gρσ,cd(x2, x0)Tr(σ
efσgh)Gλτ,gh(x3, x0)Gκθ,gh(x4, x0) ,
and the extension to the case NF > 0 is performed by substituting the “reduced”
measure dµ˜2 with dµ˜
NF
2 as defined in [11]:
∫
dµ˜NF2 = −29π7a¯2Λ(4−NF )NF
∫ 1
0
d|Ω||Ω|2
∫ 1
−1
d(cos θ)
∫ ∞
1+2|Ω|
dH
H3
∫
S3
d3Θ
∫ ∞
0
dLL
∫ L+
L−
d|v1|2√
(L+ − |v1|2)(|v1|2 − L−)
exp
[
−4π2L|a|2
(
1− |Ω|
2 cos2 θ
H
)]
·
·
NF∑
n=0
M
(NF )
NF−n
π4n
∂2nG
∂Z2n
∣∣∣∣∣
Z=0
. (4.62)
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We have dropped for simplicity the primes on H,Ω; G(Z) contains the contribution
from the integration measure over the hypermultiplets and has the form
G(Z) =
(
ω¯L+
iZ
8
√
2
)2 [
a¯2
16
|Ω|2L2 + L
2H
a¯ω¯L
(
ω¯L+
iZ
8
√
2
)
+
1− |Ω|2 sin2 θ
4H2
·
·
(
ω¯L+
iZ
8
√
2
)2 exp
[
iπ2Z√
2H
|Ω|aL cos θ
]
. (4.63)
The M
(NF )
NF−n
are a set of SO(2NF ) invariant polynomials in the masses mn of the
hypermultiplets:
M
(NF )
0 = 1 ,
M
(NF )
1 =
NF∑
n=1
m2n ,
M
(NF )
2 =
NF∑
n<p
m2nm
2
p , (4.64)
...
...
M
(NF )
NF
=
NF∏
n=1
m2n .
In the case of massless hypermultiplets, the only contribution to the correlator will
come from the term with the 2NF–th derivative of G(Z) and, writing the generic
contribution to K(Ψ, Ψ¯) as
K(Ψ, Ψ¯)|NF<4 = K(NF )2
1
π2g8
(
ΛNF
Ψ
)2(4−NF )
ln Ψ¯ , (4.65)
we find
K
(0)
2 =
5
32
, K
(1)
2 = −
33
210
,
K
(2)
2 =
3
210
, K
(3)
2 = −
1
212
. (4.66)
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For the case NF = 4 we get
K(Ψ, Ψ¯)|NF=4 =
q2
33211π2g8
ln Ψ¯ , (4.67)
which is a purely antichiral term. When integrated over the whole superspace it does
not contribute to the effective action; this confirms thus the non–renormalisation the-
orem of [18]. In the case in which there are massive hypermultiplets, (4.65), (4.67)
generalises immediately to the formula
K(Ψ, Ψ¯)|NF =
NF∑
n=0
M
(NF )
NF−n
K
(NF )
2
1
π2g8
(
ΛNF
Ψ
)2(4−NF )
ln Ψ¯ , (4.68)
provided that one replaces Λ
2(4−NF )
NF
with q2 when NF = 4. In this case the non–
renormalisation theorem of [18], as already noted in [19], is spoilt by the presence of
other energy scales represented by the masses of the hypermultiplets.
We observe that our investigation is stricly related to the “non–chiral” analogue of
the Picard–Fuchs equations [7, 42] and the related integrable structure [45]. Also, the
approach deserves to be generalised to the higher–rank group case [43, 44] and to the
strong coupling region [46]. Finally, we observe that much of the theory seems related to
Duistermaat–Heckman theorem [47]. In this context we observe that in a recent paper
McArthur and Gargett a “Gaussian approach” to supersymmetric effective actions has
been investigated [48].
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